Classically there are two points of view in the study of global existence problems in the theory of functions of a complex variable. One is to piece together local solutions (such as power series), always staying within the category of holomorphic functions. This method seems to have been initiated by Weierstrass; in the theory of several complex variables it has been implemented by the study of cohomology with coefficients in the sheaf of germs of holomorphic functions (more generally in the sheaf of germs of holomorphic sections of vector bundles). The second approach is to view the Cauchy-Riemann equations as a linear operator on C°° functions and to study this operator as an operator in Hilbert space; which leads to the Dirichlet integral and this method was first exploited by Riemann. In the theory of several complex variables this approach has led to the theory of harmonic integrals, which have been developed and widely applied in the compact case and which have recently been extended to the noncompact case. It is this extension which is the main concern of the present lecture. For simplicity we will deal with functions on a domain M(ZC n , although the results carry over to forms with coefficients in holomorphic vector bundles on finite manifolds.
Let 
Thus a function is holomorphic if and only if ^ = 0, k -1, • • • , n.
Here we are concerned with inhomogeneous equations:
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or to use the notation of differential forms
where l)u = ^P.u&dz* and a = Yl<Xkdz k > Roughly speaking, we ask the following question about the system (1): Given a "good" a is there a "good" u satisfying the above equations?
Before considering this question we will illustrate how an affirmative answer can be used to prove the existence of global holomorphic functions. Our example is the Levi problem; which is: given PCEbM (bM denotes the boundary of M) to find a holomorphic function h which cannot be continued past P (that is, there is no holomorphic function defined in a neighborhood U of P which equals h in UC\M). In one variable this problem is always trivial, a solution being (z -P)" 1 ; however, in several variables the problem is far from trivial and, in fact, it has a solution only under special circumstances. For example, if M is the region between two spheres, one contained in the other, then every holomorphic function on M has (by Hartogs' theorem) an extension to the interior of the larger sphere and hence if P is a point on the smaller sphere then every holomorphic function can be continued past P. Suppose that r is a real-valued C 00 function defined in a neighborhood of bM such that dr^Q, r(Q) <0 when QGM and r(Q)>0 when Q&M, then if P&M the Levi form at P is the hermitian form (2) JlrMP)oW, acting on w-tuples (a 1 , • • • , a n ) which satisfy the equation
We remark that the numbers of positive and negative eigenvalues of the Levi form are independent of the choice of the function r and of the coordinate system. If all the eigenvalues of the Levi form at P are positive then there exists a neighborhood U of P and a polynomial w such that: the only point in UC\M at which w is zero is P. This theorem gives a local solution to the Levi problem ; namely, the function w~l is holomorphic in Ur\M, but cannot be continued past P.
Observe that zer* 1 does not in general give a global solution since it may be infinite at some points in M. Now let p be a C°° function with support [/which is 1 in a neighborhood of P and let a = ^(pw~l). Then a is "good" in the sense that it is C 00 on M (in fact it is zero in a neighborhood of P). Now suppose that there exists a "good" u such that du = a, so that in particular u is defined at P, then we obtain a global solution to the Levi problem h by setting h~u~~pw~l. Clearly dh = Q and h cannot be continued past P.
Our first observation about the system (1) is that since Uik&n = U' &mi k we conclude that the components of a satisfy the equation whenever there exists u that satisfies (1). We denote (C°°(M)) P the space of ^-tuples of complex-valued C 00 functions on M, we set a* = c»(M), a l = (c»(M)) n and a 2 = (C^F))^-1^2 . if eea 2 we index its components by ordered pairs of integers, i.e., 6 = (dk m ), where lSk<m^n; 0 can also be considered as the 2-form 0 = ^OkmdzWz™. Now we define the operator 5: a 1 --»^2 by
So that Sa -0 is a necessary condition for the existence of a solution u of (1). On (C°°(M)) P we define the L 2 -inner product and norm by: The basic estimate. Suppose that M is compact and that it has smooth boundary given by a function r as above ; and that, for every PÇLbM the Levi form at P either has all eigenvalues positive or it has at least two negative eigenvalues. Then there exists a constant C>0 such that: for all 0G® 1 . We remark that Q(0, 0) corresponds to the classical Dirichlet integral. The basic estimate is used to prove that: given aG® 1 there exists 0GCB 1 such that:
and this implies that 50 G (B 2 and (11) ôâ*0 + 5*50 = a.
It should be observed that the above equation, in terms of coordinates, gives:
(12) a 1 = dd*e e s*se, where 6= {0GCB 1 ! 50G(B 2 }. Clearly (12) implies the decomposition (6). Thus our problem is reduced to solving (10).
To solve (10) we first show that the basic estimate implies certain "a priori" estimates for (10). By an "a priori" estimate is meant a bound on some norm applied to the solution 0 in terms of a; that is, bounds on the assumption that a solution exists. If the basic estimate holds then for each integer s^O there exists C s >0 such that: The estimates (13) show that <j> "gains" one derivative. In the standard theory for boundary value problems of second order elliptic systems the solution "gains" two derivatives, i.e., one obtains estimates of the form ||#||«^const ||a||,_2; such estimates are called coercive, they have been extensively studied and they imply an existence theorem of the type that we require. In the case of our problem it can be shown that coercive estimates do not hold; nevertheless, the problem can be "approximated" by regular problems for which coercive estimates hold and the required existence theorem is obtained by taking a limit of the solutions of the approximating problems. The approximating problems correspond to the forms Q € defined by: (15) Q.fo, $) = Qfo, *) + e £ (Z><&, Dfa) . Furthermore the <£ 6 satisfy the estimates (13) with constants that are independent of e. It then follows that there is a sequence {e*}-»0 such that {<£e"} is a Cauchy sequence in the norm |j ||• for every s, hence the limit <£ is in Q} and gives the required solution.
To conclude we will give the proof of the basic estimate in a special case.
Proof of the basic estimate when the Levi form is positive definite. Since X/**0* vanishes on bM then at each point of bM its gradient equals \dr, where X is a function on bM. 
